• Inconsistencies between the theoretical and experimental results for shear moduli are attributed to defects in real crystals.
g r a p h i c a l a b s t r a c t
Shear moduli of colloidal crystals with different nearest inter-particle distances. The results show the consistency between the results of our modified model and the experimental measurements by torsional resonance spectroscopy.
a b s t r a c t
The existing theoretical model relating shear modulus to inter-particle interaction potential always significantly overestimates the modulus compared with its experimental value for colloidal crystal formed by highly-charged particles. We suppose that such huge disagreements between the theoretical and experimental results are due to that the theoretical model is derived from perfect crystalline structures. To modify the theoretical model, the effect of void defects is introduced to the model and the SogamiIse potential model is adopted instead of the commonly used Yukawa potential model. It is shown that with these two modifications the shear modulus model produces results much more consistent with the experimental ones.
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Introduction
The charged colloidal particles in dispersion can self-assemble into crystalline structures under some appropriate conditions [1] [2] [3] . The formed colloidal crystals are analogous to the crystals formed by atoms and molecules and have become valuable model systems of condensed matter particularly because of their easily accessible length and time scales [4, 5] .
Elastic properties of materials provide an alternative approach [6] [7] [8] [9] to understand some physical knowledge comprising the interatomic forces, structures, mechanical features, phase transitions, etc. In this respect the elasticity of the colloidal crystals has been studied in recent years both experimentally and theoretically [10] [11] [12] [13] [14] . Experimentally, shear elastic moduli of the colloidal crystals are usually measured through the method of torsional resonance spectroscopy (TRS) in which standing waves are excited when rotary oscillations are imposed on the colloidal crystals [15] [16] [17] . In the aspect of theoretical studies, general equations between two-body interatomic potentials in a lattice model and elastic constants were derived for monoatomic solids [18] [19] [20] . These equations were later introduced into the systems of colloidal crystals to obtain a shear modulus-potential model that describes the relationship between shear modulus of colloidal crystals and inter-particle potentials [21, 22] .
Actually, the two-body interaction of charged particles has been formulated with "Yukawa potential" which has a variable -the effective charge of particles. Therefore, by means of the shear modulus-potential model, the shear modulus of colloidal crystals could be estimated when the effective charge of particles in colloidal crystals is known. However, this model has never been used for colloidal crystals to directly determinate the shear modulus. It is reasonable to infer that the value of shear modulus determined by the model using the effective charge would be much larger than the experimentally measured shear modulus G using TRS. It has been reported that [11] , as a matter of fact, the effective shear modulus charge obtained by fitting the measured modulus using this shear modulus-potential model is always much (by about 40%) smaller than the measured effectively transported charge.
Apparently, the theoretical model is valid now only for perfect crystals that contain no imperfections and defects. In practice, however, there are a wide variety of crystallographic defects no matter for atomic crystals or colloidal crystals [23] . Undoubtedly, structural imperfection in crystals would lower their shear moduli. For instance, it was shown [24] that in the bcc-fcc transition process of colloidal crystallization, the shear moduli are much smaller than theoretical expectations and this can be chalked up to crystalline imperfection due to not-well-equilibrated structure during the transition state. Another example demonstrating the structural imperfection is that there exist some void structures in the crystal region of crystals formed by highly-charged colloidal suspensions [12, 13, 23] .
With this regard, the aim of this study is to explore the possibilities of directly using the measured effective charge which is already known to evaluate the shear moduli based on the modified shear modulus-potential model. Previous study [13, 25] shows that there is structural imperfection of voids and also Sogami-Ise (SI) interaction potential is more suitable than Yukawa potential for colloidal crystals of highly-charged particles. In this study these two factors were taken into account as modifications to the shear moduluspotential model. The modified model was verified by comparing the theoretical estimation of shear moduli with experimental values measured by TRS. Our results show that the shear moduli evaluated from the modified model are quite consistent with the measured values when the effectively transported charges are used inside the pair-potential model.
Theory
The shear moduli G expressed in the original shear moduluspotential model for perfect colloidal crystals with body-centered cubic (b.c.c.) and face-centered cubic (f.c.c.) structures have the following formulas [11, 16, 22] :
∂r 2 | r=d bcc
and
where d bcc , d fcc are the nearest inter-particle distance for b.c.c. and f.c.c. sturctures, respectively, V (r) is the effective inter-particle interaction pair-potential with r to be the distance between two particles, and f A is a numerical factor that accounts for the different boundary conditions in averaging over randomly oriented crystallites or local environs. Its theoretical limits are f A = 0.4 for homogeneously distributed strains and f A = 0.6 for homogeneously distributed stresses, respectively [26, 27] . For polycrystalline samples a value of f A = 0.5 is encountered in most cases [16, 28] and will also be used in this work. The Yukawa potential V Yukawa (r) which considers Coulomb repulsions only was usually used for V (r) in this shear modulus-potential model before [11, 29, 30] . However, experimental observations indicated that there are voids appeared in highly-charged colloidal crystals [12, 31, 32] . So in addition to the repulsion, inclusion of the conterions-mediated long-range attraction was suggested and then the inter-particle interaction potential was replaced by SI potential [33, 34] . The SI potential model, based on the Gibbs free energy of the interaction, not only take into account the large size difference between colloidal particles and small ions, but also relates the variation of macroion charge to the release of counterions. The expressions of Yukawa [11, 15, 35] and SI pair-potential energy [36, 37] are:
where Z e is the effective charge number of particles, e is the elementary charge, r is the inter-particle distance, a is the radius of particles, and A = 1 + (Äa) coth (Äa) [25, 36] . The parameter Ä is the inverse Debye-screening length given by [15, 38] :
where n is the particle number density of the suspension, ε 0 ε r the dielectric permittivity of the suspension, k B T the thermal energy, and n salt = 2000N A c [12, 15] the number density of background electrolyte with N A being Avogadro constant and c the molar concentration of foreign salt (mol L −1 ).
It is obvious that the expressions of shear modulus-potential model shown in Eq. (1) and (2) do not take into account the effect of voids in crystalline structure and they are valid only for perfect crystals. In order to improve this situation there are two factors that can be taken to modify this model: factor 1: taking into account the void defects in crystalline structure; factor 2: inclusion of the attraction in interaction potential model.
For the first factor, we considered that the micro-structure of colloidal crystals is similar to that of cellular solids whose elastic properties have been studied thoroughly for a long time [39] [40] [41] .
The single most important structural characteristic of a cellular solid is its relative density / 0 , where is the average density of the cellular material as a whole and 0 is the density of the components alone. Moreover, Gibson-Ashby model [42, 43] shows that cellular solid Young's modulus is proportional to the relative density raised to the second power, but Poisson's ratio has no correlation with it. We can use the similar approach in treating cellular solids to deal with colloidal crystals containing voids inside. To do so, we need to find a parameter that is equivalent to / 0 . First of all, we use d uni to denote the average nearest inter-particle distance when crystals formed uniformly by colloidal particles fill the entire
To consider the effect of void structures, now we introduce a prefactor d exp /d uni 6 to represent the modulus of colloidal crystals with void structure inside. Then we can update the shear modulus model of colloidal crystal bulk with entire volume as:
∂r 2
| r=d bcc
Since the sixth power of d exp /d uni is presented in Eq. (6) and (7), the influence of voids would not be ignorable generally even when d exp /d uni is close to 1. For the second factor to improve the existing shear moduluspotential model, SI potential, Eq. (4), shall be used instead of Yukawa potential, Eq. (3), in the shear modulus-potential model.
In charged colloidal suspensions, the electrostatic coupling between oppositely charged species induces a strong accumulation of counterions in the vicinity of the macroion surface. This counterion condensation, which accounts for screening of the intrinsic particle charge, causes a colloidal particle to have an effective charge which is much less than the actual bare charge. When calculating the theoretical value of the effective inter-particle interaction pair-potential model, the effectively transported charge Z * is used here.
Material and methods

Preparation and characterization of samples
The negatively charged polystyrene (PS) particles used here in experiments were synthesized by an emulsion polymerization method [45] . Filtration and centrifugation were employed to ensure the monodispersity of the yielding particles. Meanwhile, PS particles were purified by repeated washing with deionized water (UPRLC5DRO UPW system, Relatec, Beijing). Thereafter PS particles were stored with resin (Amberlite IRN-150, EMD Millipore Corporation, Germany) for the sake of further deionization. The mean 2a is the average diameter, PDI is the polydispersity index to describe the monodispersity of particles [46] , p is the electrical mobility of particles in deionized water, Z * is the effectvely transported charge of particles.
diameter and polydispersity index of particles used in this work were measured by dynamic light scattering(BI-200SM, Brookhaven Instruments Corporation, USA), as shown in Table 1 . The setup of reflection spectroscopy used to measure the nearest inter-particle distance of colloidal crystals is composed of a fiber optic spectrometer(Avaspec-2048, Avantes, Netherland) with a tungsten halogen light source (Avalight-HAL, Avantes, Netherlands) and a bifurcated fiber optic cable. In the reflection measurements, the incident light hits the surface of the sample at right angles and the light is turned back by Bragg diffraction. This corresponds to the reflection spectrum. For both b.c.c. and f.c.c. structure the distance at a scattering angle of 90 • is given by [47, 48] :
where is the refractive index of the colloidal dispersion (taken that of water in this work) and is the peak wavelength for the refractive intensity.
Effectively transported charge measurement
In the case of deionized dispersions, assuming the additivity of all conductivity contributions, the conductivity of the suspension is well described by [49, 50] :
where 0 is the conductivity of PS particles and counterions, B is the background conductivity, n is the number density of PS particles and e is the elementary charge, p and H + are the mobility of charged particles and protons, respectively. The value of H + is 36.5 × 10 −8 m 2 V −1 s −1 [51] and p can be measured by Laser Doppler Velocimety (ZetaPlus, Brookhaven Instruments corporation, USA) in the laboratory [52] as shown in Table 1 . Giving that the conductivity increases linearly with increasing particle number density n, the effectively transported charge Z * is taken as the only free fitting parameter in the relationship of Eq. (9). An example measurement is given for PS-1 in Fig. 1 , and the results for all particles of this work are listed in Table 1 .
Shear modulus determination
Shearing elasticity of colloidal crystal samples was probed by TRS [17] . The cylindrical sample cell was put into oscillations with very low amplitude around its vertical axis. As the shear modulus of the sample are small, standing waves are excited at wavelengths which are comparable to the cell dimensions [53] . This situation corresponds to harmonic lattice vibrations on the colloidal level which can be visible as shifts of the Bragg-peaks or distortions of the first structure factor peak. These standing waves are detected and frequency analyzed by time resolved static light scattering in combination with lock-in technique [16, 21, 54] . Resonance frequencies are observed at [15, 21] : Fig. 1 . The conductivity of the suspension as a function of particle number density n for particles PS-1. A constant effectively transported charge of Z * = 668 is derived. where j and m are the indices of the order of the resonances, ˛ is the ratio between the cell radius R and the filling height H, is the mass density of the colloidal dispersions, and j the zeroes of the first order Bessel function J 1 . Then the shear modulus G can be derived through this equation.
Results and discussion
In the present study four kinds of colloidal particles are prepared. All the values of d exp were determined by the measurement of reflection spectroscopy and those of d uni were theoretically calculated according to the volume fraction of colloidal particles. The ratios d exp /d uni of colloidal crystals formed by these particles are shown in Table 2 . And their shear moduli were experimentally measured by TRS as shown in Fig. 2 and were also compared with theoretical results. In this work, all the formed colloidal crystals are b.c.c. structures. The effectively transported charge Z * is used for Z e in their expressions. Besides, a constant background concentration of 2 × 10 7 mol L −1 of dissociated carboxylic acid is assumed according to previous papers [11, 15] . From Fig. 2 it demonstrates that theoretical values in the original model without modification produces larger deviation from the experimental results. Comparatively, the data evaluated in the modified model are much better coincident with experimental values. The results show that the two factors introduced in the modified model are necessary. It should be mentioned here that the value of d exp /d uni is 0.95 for PS-2, which is quite close to 1. Nevertheless, the influence of voids is still needed to be considered because the effects of voids are proportional to the six order of d exp /d uni , which is about 0.735 and thus cannot be neglected.
In addition, for colloidal crystals formed by the same kind of particles, it is obvious that the deviations between the original theoretical predictions and experimental results increase as the decreases of nearest inter-particle distance. However, we found the deviations can be tolerable in the whole range of inter-particle distance after modification. So the smaller the nearest inter-particle distance, the greater will be the influence of void defect to the shearing elasticity. It is because that the difference by using SI and Yukawa potential is not so obvious when the nearest neighbor distance is large. By comparing the original model line and the modified model line, it can also be found that the smaller the nearest inter-particle distance, the more remarkable will be the improvement by the two modifications.
Conclusions
In the course of the present work, a modified theoretical model of shear modulus of elasticity for colloidal crystals is proposed in order to introduce the influence of void structures inside and use a proper inter-particle interaction potential. Theoretical values of the original and the modified model are compared with experimental results for the colloidal crystals formed by four kinds of particles. It can be concluded that the theoretical results of the shear modulus-potential model considered the influence of void structures and based on SI pair-potential is able to describe the experimental results better than the model not considered the influence of void structures and based on Yukawa pair-potential. Therefore we can now estimate the practical value of shear moduli of colloidal crystals theoretically.
There are various types of imperfections and defects that affect the mechanical properties in the colloidal crystals, however only the void structures are considered in this work. Consequently, the effective shear modulus charge of particles we got here is still small compared to the effectively transported charge. Further improvements for the theoretical model might be possible, for instance, to consider the influences of additional imperfections or defects, such as the heterogeneity of crystallites size and the irregularity of grain orientation.
